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Abstract
An even linkage class L of two-codimensional subschemes in Pn has a natural partial ordering
given by domination. In this paper we give a necessary condition for X 2L to be integral in
terms of its location in the poset structure on L. The condition is almost sucient in the sense
that if a subscheme dominates an integral subscheme and satises the necessary conditions,
then it can be deformed with constant cohomology to an integral subscheme. In particular, the
necessary conditions are sucient in the case that Lazarsfeld and Rao originally studied, since
the minimal element for L was a smooth connected space curve. c© 1999 Elsevier Science B.V.
All rights reserved.
MSC: Primary 14M06; Secondary 14M12; 13C40
0. Introduction
In [4], Gruson and Peskine show that an arithmetically Cohen{Macaulay curve in
P3 deforms with constant cohomology to an integral curve if and only if its numerical
character has no gaps. Arithmetically Cohen{Macaulay curves form just one of many
even linkage classes, and in the present paper we explore what happens in the general
case. Here we give necessary conditions on integrality for even linkage classes of
two-codimensional subschemes in Pn which are not arithmetically Cohen{Macaulay.
These conditions are sucient (up to deformation) for subschemes which dominate an
integral subscheme.
The rst section reviews the structure of an even linkage class L and the partial
ordering of domination. For each element X 2L we dene invariants (hX ; X ) which
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determine the location of X in L with respect to domination. These invariants index
the cohomology-preserving deformation classes in L (Proposition 1.3).
We then study subschemes in a xed even linkage class L which satisfy a condi-
tion weaker than integrality: the condition is basically that the subscheme lie on the
smallest degree complete intersection allowed by its postulation. The main result of
this section (Theorem 2.4) is a characterization of which subschemes X 2L deform
to a subscheme having this property. It turns out that these subschemes satisfy a certain
Lazarsfeld{Rao property.
In Section 3, we prove our main results about integral subschemes. We give neces-
sary conditions for integrality of a subscheme X in terms of X and hX . (Theorem 3.4).
Further, we show that if Y satises the necessary conditions, Y dominates X and X is
integral, then Y deforms with constant cohomology through subschemes in L to an in-
tegral subscheme Y (Theorem 3.6). We conclude with some examples and applications.
While the results are good for integral subschemes, the situation is not so simple for
smooth connected subschemes (see Example 3.11). To obtain a result like Theorem 3.6
for smooth connected subschemes of codimension two, more geometric conditions are
needed. Martin-Deschamps and Perrin have done work in this direction for curves in
P3 [13]. It would be interesting to see some results along these lines for surfaces in
P4 and threefolds in P5.
1. Even linkage classes
In this section we dene some invariants which describe the poset structure of an
even linkage class and explain how these invariants are related under a simple link.
We begin with a brief review of the linkage theory needed and dene the invariants.
Proposition 1.1 (Cone construction). Let X; Y Pn be codimension two subschemes
which are linked by hypersurfaces of degrees s; t. If X has an E-type (resp. N-type)
resolution
0!F!G!IX ! 0:
Then Y has an N-type (resp. E-type) resolution of the form
0!G_(−s− t)!F_(−s− t)O(−s)O(−t)!IY ! 0
obtained from a mapping cone procedure.
Proof. See [19, Proposition 2.5] and [17, Section 1].
LetL be an even linkage class of pure codimension two subschemes in Pn which are
not arithmetically Cohen{Macaulay (henceforth ACM). If X 2L is a subscheme which
lies on a hypersurface S (of degree s), we can perform the following operation: rst
link X to Y by a complete intersection S \T (where T is a hypersurface of degree t)
and then link Y to Z by a complete intersection S \T 0 (where T 0 is a hypersurface
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of degree t + h). In this case we say that Z is obtained from X by an elementary
double link of type (s; h). Note that Z 2L by the denition of even linkage class.
Moreover, there are isomorphisms of the higher Rao modules Hi(IZ)=Hi(IX )(−h)
for all 1 i n− 2.
Example 1.2. A special kind of elementary double link occurs when (with the notation
above) T 0=T [H , where H is a hypersurface of degree h which meets X properly
and is called a basic double link (see [2, 3]). If f is the equation of S and g is the
equation of H , then IZ =(g(IX ); f) and there is an exact sequence
0!O(−s− h)!IX (−h)O(−s)!IZ ! 0
in which the induced map O(−s− h)!O(−s) is multiplication by g.
Using elementary double links, one denes a partial ordering on L. We say that
Y 2L dominates X at height h 0 if Y can be obtained from X by a sequence of
elementary double links (of types (si; hi) with
P
hi= h) followed by a deformation
through schemes in L which preserves cohomological dimensions. In this case we
write X h Y . We simply say that Y dominates X and write X Y if X h Y for some
h 0. The height of such a domination is uniquely determined by X and Y because
not all the higher Rao modules are zero for subschemes which are not ACM.
The structure theorem for even linkage classes states that L has a minimal element
X0 with respect to domination [2, 12, 17]. Since the minimal element X0 is unique up
to cohomology-preserving deformation through subschemes in L, the cohomological
invariants of subschemes in L are determined by the cohomology of X0. This also
denes a height function on L: for X 2L, hX is the unique integer such that X0hX X .
Thus, the location of an element in L is determined by a discrete invariant (say, the
sequence of (si; hi) used in elementary double links) and a continuous invariant (the
deformations in L).
Generalizing the spaces H;M studied by Martin-Deschamps and Perrin for curves in
P3 [12], we set
HX = fY 2L: hY = hX and h0(IY (l))= h0(IX (l)) for all l2Zg
for each X 2L. These spaces are well-behaved:
Proposition 1.3. Let L be an even linkage class of codimension two subschemes of
Pn which are not ACM and x X 2L. Then
(a) HX gives an irreducible locally closed subset of the Hilbert scheme.
(b) There is a cohomology-preserving deformation from X to Y through schemes
in L if and only if Y 2HX .
Proof. For part (a), we rst nd N such that IX is N -regular, and hence the total
ideal of X is generated by its homogeneous parts of degree N by the Castelnuovo{
Mumford theorem [15, p. 99]. Letting Q=
L
lNO(−l)h
0(IX (l)), there is an E-type
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resolution for X of the form
0!E −!Q 
r_⊗1−−−−−!OPn !OX ! 0;
where r is the rank of E. If OY has a resolution of this form, then Y 2HX by Rao’s
correspondence [17, Theorem 2.11], Conversely, if Y 2HX , then IY is N -regular and
there is a surjection Q!IY whose kernel is isomorphic to E because hY = hX . By
[17, Lemma 3.3], OY has a resolution of the same form.
The space V of all morphisms fE!Qg is a smooth irreducible projective variety
and comes equipped with a universal morphism qE ’−! qQ, where q :V Pn!Pn
is the second projection. Now consider the complex
C: : 0! qE ’−! qQ
r’_⊗1−−−−−! qO
on VPn. By [17, Corollary 3.5], the set U V consisting of v2V such that C:⊗k(v)
is exact is an open set. The existence of X shows that U is nonempty, and hence it
is irreducible because V is. Letting OX denote the cokernel of r’_ ⊗ 1, we see that
XU Pn!U is a at family (the bres have constant Hilbert polynomial) whose
members are precisely the elements of HX . The corresponding morphism from U to
the Hilbert scheme has locally closed and irreducible image HX . Statement (b) follows
immediately from (a), since we can parametrize a deformation from X to Y with HX .
For X Pn of codimension two with dening ideal I =H 0(IX ), we set s0(X )=
minfn: In 6=0g and s1(X )=minfn s0(X ): I n is not principalg. We let t1(X )=
minfn: V (In) contains no hypersurfaceg. By [17, Theorem 3.30], any minimal element
X0 for L links by hypersurfaces of degrees s0(X0) and t1(X0) to a minimal element
Y0 for the dual linkage class. Thus the numbers in the following setting do not depend
on X0.
Setting 1.4. For n 3, let L be an even linkage class of two-codimensional sub-
schemes in Pn which are not ACM and x a minimal element X0 2L. We set
s0 = s0(X0); s1 = s1(X0); t1 = t1(X0) and e= e(X0).
Denition 1.5. Let L be as in Setting 1.4. For X; Y 2L, we dene the function X;Y :
Z!Z by
X;Y (l)=nIY (l)− nIX (l− hY + hX )
for l2Z. Here we adopt the convention that for a coherent sheaf F on Pn, m 0 and
l2Z, the mth dierence function m(h0(F(l))) is denoted by mF(l).
Remark 1.6. It is clear that for X; Y; Z 2L and l2Z, we have
X;Z(l)= Y;Z(l) + X;Y (l− hZ + hY ):
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Example 1.7. Let X 2L and suppose that Y is obtained from X by an elementary
double link of type (s; h). Then
X;Y (l)=

l− s
0

−

l− s− h
0

for all l2Z. Indeed, if X links to Z by hypersurfaces of degrees s; t and Z links to Y
by hypersurfaces of degree s; t + h, then applying Proposition 1.1 twice to an N-type
resolution
0!P!N!IX ! 0
for X yields a resolution for Y of the form
0!P(−h)O(−s− h)O(−t − h)!N(−h)O(−s)O(−t − h)!IY ! 0:
Now we can read o the result, since nO(l− t)= (l−t0  for all l2Z.
For a function f: Z!N of nite support, we make the following notational conven-
tions. We set fo=maxfl: f(l)>0g if such an l exists, otherwise fo=−1. Similarly
we dene fa=minfl: f(l)>0g if such an l exists, otherwise fa=1.
We say that f is connected in degrees  a (resp. >a) if f(b)>0 for some b>a
implies that f(l)>0 for all a l b (resp. a<l b). The notion of f being connected
in degrees  b (resp. <b) is analogous. The function f is said to be connected about
an interval [a; b] if f is connected in degrees  b and f is connected in degrees  a.
We say that f is connected if it is zero or is connected about the interval [fa; fo].
Proposition 1.8. Let X; Z 2L; 0 h2Z and assume that X h Z . Then = X; Z
satises the following conditions:
(a) (l) 0 for all l2Z.
(b)
P
l2Z (l)= h.
(c)  is connected in degrees <s0(X ) + h.
Proof. Since cohomology-preserving deformations of Z do not eect , we may assume
that Z is obtained from X by a sequence of elementary double links of types (si; hi)
with
P
hi= h and prove the statements by induction on k, the number of double links
used. When k =0, we have Z =X when  is the zero function and all parts are clear.
Now assume that Y is obtained from X by a sequence of k − 1 elementary double
links and that Z is obtained from Y by an elementary double link of type (sk ; hk) (so
hZ−hX = h−hk). Statements (a) and (b) are immediate from Remark 1.6, Example 1.7
and the induction hypothesis. From Denition 1.5 and part (a) above, we see that
s0(Y )=minf(X;Y )a; s0(X ) + (h − hk)g. The induction hypothesis shows that X;Y>0
on [s0(Y ); s0(X )+h−hk−1] and X;Y (l)= 0 for l<s0(Y ). On the other hand, we must
have sk  s0(Y ) for the double link Y !Z to be dened, and since Y;Z is nonzero
exactly on the interval [sk ; sk + hk − 1] by Example 1.7, we see that Y;Z is connected
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in degrees <s0(Y ) + hk . Combining these facts with the formula of Remark 1.6, we
conclude that X;Z is connected in degrees <s0(X ) + h.
Proposition 1.9. Let X 2L and 0 h2Z. Then
(a) For each function  :Z!Z satisfying the conditions of Proposition 1.8, there
exists Z such that X h Z and X;Z = .
(b) There is a bijective correspondence between cohomology-preserving deforma-
tion classes of subschemes Z 2L such that X h Z and functions  satisfying the
conditions of Proposition 1.8.
Proof. For statement (a), we induct on h=
P
(l), the induction base h=0 being
clear because =0 and we may take Z =X . If h>0, then the connectedness condition
on  assures us that s= o − h+ 1 s0(X ), and hence we can obtain a subscheme Y
from X by a elementary double link of type (s; 1). Dene  by
(l)= (l)−

l− o
0

+

l− o − 1
0

for l2Z. We see that  satises the conditions of Proposition 1.8 for Y and h− 1 (if
s= s0(X ), then s0(Y )= s, while if s>s0(X ), then s0(Y )= s0(X ) + 1), hence we can
nd Z h−1 Y with Y;Z =  by induction hypothesis. From Remark 1.6 we conclude
that X;Z = .
For statement (b), it is clear that the function Z 7! X;Z induces a map from the
deformation classes to the functions satisfying the conditions, and part (a) shows that
this map is surjective. The map is also injective, since if X;Z = X;Z0 for some Z; Z 0X ,
then hZ =
P
X;Z(l)=
P
X;Z0(l)= hZ0 and h0(IZ(l))= h0(IZ0(l)) for all l2Z, so
Z 0 2HZ by Proposition 1.3.
Now we use X0 to give an absolute notion of the invariant . By removing the part
that guarantees that  is connected in degrees <s0+hX , we arrive at a second invariant
, which seems to capture more geometric data (see the last two sections).
Denition 1.10 (Absolute invariants). Let L; X0 be as in Setting 1.4. For X 2L, we
dene X = X0 ; X . We also dene the function X by
X (l)= X (l)−

l− s0(X )
0

+

l− s0 − hX
0

:
In the context of commutative algebra, the function X is equivalent to the notion
of a basic sequences studied by Amasaki (see [1, Theorem 3.3]).
Corollary 1.11. Let L be as in Setting 1.4. Then
(a) The correspondence X 7! X gives a bijection between cohomology-preserving
deformation classes in L and nitely supported functions  :Z!N such that  is
connected in degrees <s0 +
P
l2Z (l).
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(b) The correspondence X 7! (hX ; X ) gives a bijection between the cohomology-
preserving deformation classes in L and pairs (h; ); where h 0 and  :Z!N is a
function satisfying
(1)
P
l2Z (l) h;
(2) (l)= 0 for l<s0 +
P
l2Z (l).
Proof. Part (a) is immediate from Proposition 1.9(b). For statement (b), let X 2L.
The function being subtracted from X in Denition 1.10 sums to s0 + hX − s0(X ),
so X sums to s0(X ) − s0 hX . Since X (l)= 0 for l<s0(X ), this also holds for X ,
proving the two conditions of part (b).
Conversely, suppose that  satises the two conditions of part (b) with respect to
h 0 and let m= Pl2Z (l). Setting (l)= (l) + (l−s0−m0 − (l−s0−h0  for l2Z, it is
immediate that  is nonnegative and sums to h. From the second condition on , we
also have that  is connected in degrees <s0+h. It follows from Proposition 1.9(a) that
there exists X 2L with = X . By Proposition 1.12(a), s0(X )=minfa; s0+hg= s0+m
(because (l)= 0 for l<s0 +m; see formula for  above). Denition 1.10 now yields
that = X .
Proposition 1.12. Let L be an even linkage class as in Setting 1.4. If X; Y 2L; then
(a) s0(X )=minf(X )a; s0 + hX g= s0 +
P
X (l);
(b) s1(X )=minfs1 + hX ; (X )ag;
(c) If X;Y (l) 0 for all l; then X Y .
Proof. Since X (l) 0 for all l by Proposition 1.8(a), Denition 1.5 shows the rst
equality of statement (a), while the second equality follows from Denition 1.10 and
Proposition 1.8(b). In considering a minimal graded free resolution for the total ideal
IX , we see that
s1(X )=minfl2Z: nIX (l)>1g:
On the other hand, the denition of X and X yield that
nIX (l)= X (l) +

l− s0(X )
0

−

l− s0 − hX
0

+ nIX0 (l− hX )
for l2Z. If g(l) denotes the sum of the three rightmost summands, we see that g(l)= 0
for l<s0(X ), g(l)= 1 for s0(X ) l<s1 + hX and g(s1 + hX )>1. Part (b) follows.
For part (c), we rst note from Remark 1.6 that
P
X;Y (l)= hY − hX  0. More-
over, we can check that X;Y is connected in degrees <s0(X ) + hY − hX , since Y
is connected in degrees <s0 + hY and X (l)= 0 for l<s0(X ) by part (a). Thus,
by Proposition 1.11(a) there exists X hY−hX Y 0 with X;Y 0 = X;Y , and Y 0 2HY by
Proposition 1.3(b), so X Y .
Theorem 1.13. Let L; X0 be as in Setting 1.4. Let X 2L be a subscheme
which links to Y by a complete intersection of hypersurfaces of degrees s and t.
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Then
(a) The heights of X and Y are related by
hX + hY = s+ t − s0 − t1:
(b) The functions X and Y are related by the formula
X (l)− Y (s+ t − 1− l)
=

l− s
0

+

l− t
0

−

l− s0 − hX
0

−

l− t1 − hX
0

:
Proof. The idea of the proof is to compute X in two ways and compare. The minimal
element X0 for L links to a minimal element Y0 by hypersurfaces of degrees s0; t1. In
considering the exact sequence
0!P0!N0!IY0! 0
arising from an N-type resolution for Y0, we apply Proposition 1.1 to get an exact
sequence
0!N_0 (−s0 − t1)!P_0 (−s0 − t1)O(−s0)O(−t1)!IX0! 0
corresponding to an E-type resolution for X0.
Obtaining Y from Y0 by an even number of links and applying the cone construction
at each link, we obtain an N-type resolution
0!P0(−hY )PY !N0(−hY )QY
for IY , where PY and QY are dissocie. In comparing with the resolution for Y0, we
nd that Y (l)=nQY (l) − nPY (l). Linking Y to X and applying Proposition 1.1
again, we obtain the E-type resolution
0 ! N_0 (−s− t + hY )Q_Y (−s− t)
! P_0 (−s− t + hY )P_Y (−s− t)O(−s)O(−t)
for IX . On the other hand, we can obtain X from X0 by an even number of links, and
applying Proposition 1.1 gives an E-type resolution
0 ! N_0 (−s0 − t1 − hX )QX
! P_0 (−s0 − t1 − hX )PX O(−s0 − hX )O(−t1 − hX )
for IX with PX and QX dissocie. Again we have that X (l)=nQX (l)−nPX (l) for
all l2Z.
Looking at these two resolutions, we conclude that −s− t + hY =−s0 − t1 − hX as
the twists of N_0 determine the higher Rao modules (these are not all zero because
we assumed that L was not the ACM class), and deduce part (a). Moreover, in taking
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the nth dierence functions of the dimensions of the global sections, we see that
X (l) =nP_Y (l− s− t)− nQ_Y (l− s− t)
+

l− s
0

+

l− t
0

−

l− s0 − hX
0

−

l− t1 − hX
0

:
Since PY and QY are dissocie sheaves of the same rank, we may write
nP_Y (l− s− t)− nQ_Y (l− s− t)
=nQY (s+ t − 1− l)− nPY (s+ t − 1− l);
which is just Y (s+ t − 1− l). Substitution gives statement (b).
Corollary 1.14. With the same hypotheses as Theorem 1.13, assume further that
s= s0(X ). Then X is related to Y by the formula
X (l)= Y (s+ t − 1− l) +

l− t
0

−

l− t1 − hX
0

:
Proof. This follows immediately from Theorem 1.13 and Denition 1.10.
Proposition 1.15. Let X 2L; with L as in Setting 1.4.
(a) If X has an N-type resolution
0!P −!N!IX ! 0:
Then there is an open neighborhood X 2U HX consisting of subschemes Y with an
N-type resolution of the same form (with dierent ):
(b) Suppose that the minimal element X0 for L has an N-type resolution
0!P0!N0!IX0! 0:
Then there is an open set U HX consisting of subschemes Y with an N-type reso-
lution of the form
0!
M
O(−k − 1)X (k)P0(−hX )
’−!
M
O(−k)X (k)N0(−hX )!IY ! 0
in which the induced map
L
O(−k−1)X (k)!LO(−k)X (k) has nonzero determinant.
(c) The speciality of X is given by e(X )=maxfe + hX ; (X )o − ng:
Proof. For part (a), choose d larger than the Castelnuovo{Mumford regularity of X
and two polynomials f1; f2 2H 0(IX (d)) whose corresponding hypersurfaces link X to
another scheme Y . By the cone construction, there is an E-type resolution
0!N_(−2d)!P_(−2d)O(−d)2!IY ! 0
for Y . Let YPn  HY be the universal family and let p; q be the rst and
second projections from Pn  HY . By Grauert’s Theorem [5, III, Corollary 12.9], the
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sheafF= q(Hom(pO(−d)2;IY)) is locally free and commutes with base extension.
The closed points of the ane bundle VY =V (F_)!HY correspond to
tuples fY 0 2HY ; f1; f2 2H 0(IY 0(d))g and there is an open set UY VY correspond-
ing to the tuples for which Z(f1)\Z(f2) is a complete intersection. Similarly we have
an open set UX VX !HX consisting of tuples fX 0 2HX ; f1; f2 2H 0(IX 0(d))g2VX for
which Z(f1)\Z(f2) is a complete intersection. By an argument similar to Kleppe’s
[10, Theorem 2.6], there is an isomorphism UX =UY obtained by linkage.
Working with Y again, the sheaf ~F= q(Hom(p(P_(−2d)O(−d)2);IY)) is
locally free and gives an ane bundle ~VX !VX !HX , where the rst map is obtained
by forgetting the sections corresponding to P_(−2d). There is an open set ~W  ~VX
corresponding to morphisms P_(−2d)O(−d)2!IY 0 which are surjective on global
sections. The image W of ~W in VY is open, so we get an open set W \UY UY . Via
the isomorphism UY =UX , we obtain an open set in UX whose image is open in HX
and contains X . Using the cone construction and cancelling the terms corresponding to
f1; f2, we see that each subscheme in this open set has an N-type resolution of the
desired form, proving part (a).
For parts (b) and (c), we rst obtain Y 2HX by a sequence of hX basic double links
of height one by the inductive procedure in the proof of Proposition 1.9(a). In putting
together the exact sequences of Example 1.2 at each double link, we obtain an exact
sequence
0!
M
O(−k − 1)X (k) −!
M
O(−k)X (k)IX0!IY ! 0
in which the determinant of the induced map
L
O(−k − 1)X (k)!LO(−k)X (k)
is the product of the equations of the hyperplanes, and hence is not zero. Since the
determinant being nonzero is an open condition, we see that part (b) holds. Part (c)
follows immediately from this exact sequence, because e(X )=maxfl: hn−1(IX (l))
6=0g and H n(((X )o − n)) has nonzero kernel while there is the vanishing
H n(
L
O(−n− 1)X (n)(l)= 0 for l>(X )o − n.
2. Subschemes which satisfy s1 = t1
In this section we study the subschemes X in an even linkage class L which satisfy
s1(X )= t1(X ). This condition is weaker than integrality and we are able to characterize
the curves in an even linkage class which deform to a subscheme satisfying it. This is
achieved by nding sharp lower bounds on t1(X ) in terms of X . As a corollary, we
show that these subschemes satisfy a Lazarsfeld{Rao property.
Proposition 2.1. Let X Pn be of codimension two and b2N an integer. Then
t1(X ) b if and only if for each hypersurface GX there exists a hypersurface
F X of degree b which meets G properly.
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Proof. Assume that t1(X ) b and write G=Z(g); g=ri=1pi with pi irreducible. The
linear subspaces [pi]V =H 0(IX (b)) consisting of multiples of pi are proper, as
otherwise the scheme cut out by V contains Z(pi). Since V is not a nite union of
proper subspaces, there exists f2H 0(IX (b)) which is divisible by none of the pi,
and hence F =Z(f) meets G properly. The converse is obvious, since we can choose
G of degree b.
Proposition 2.2. Let X 2L and let = X . Then we have the following lower bounds
on t1(X ):
(a) If o<t1 + hX − 1; then t1(X ) t1 + hX .
(b) If o t1 + hX − 1; then t1(X )maxfl: (l) 6=0 and (l− 1)=0g
Proof. Let s= s0(X ) and t= t1(X ). Then there exist hypersurfaces S; T of degrees s; t
such that S \T links X to another scheme Y. First suppose that o<t1 + hX − 1,
which includes the case when =0. If t<t1 + hX , then Corollary 1.14 shows that
Y (s + t − t1 − hX )=−1, contradicting Proposition 1.8(a). Thus t t1 + hX , proving
statement (a).
Now suppose that o t1 + hX − 1. Since Y is connected in degrees <s0 + hY ,
Y (s+ t−1− l) is connected in degrees  s+ t− s0−hY = t1 +hX Theorem (1.13(b)),
and hence Corollary 1.14 shows that  is connected in degrees  t (consider the cases
t t1 + hX and t>t1 + hX separately). Statement (b) follows.
Proposition 2.3. For each X 2L; there exists X 2HX which gives equality for the
bounds of Proposition 2.2.
Proof. Letting = X , we induct on s0(X ) − s0 =
P
(l). For the induction base
s0(X )− s0 = 0, we make a direct construction. We can link the minimal element X0 to
another minimal element Y0 by hypersurfaces of degrees s0; t1, and follow this by link-
ing Y0 to X by hypersurfaces of degrees s0; t1+hX . Lemma 2.1 shows that t1(X ) t1+
hX . We compute X as in Example 1.7. Since s0(X )= s0 by Proposition 1.12(a),
Denition 1.10 shows that X =0. Since hX = hX and X =0= X , we nd that X 2HX
by Corollary 1.11(b).
Now suppose that  6=0. Let r=maxfl: (l) 6=0 and (l−1)=0g and w= o−r+1
(w is the width of the rightmost connected piece of ). Dene 0 by
0(l− w)= (l)−
 
l− r
0
!
+
 
l− r − w
0
!
:
Because (hX ; ) satises the criteria of Proposition 1.11(b) and (l)>0 for l2 [r; r +
w − 1], we see that 0 is nonnegative and that (hX − w; 0) satises the criteria of
Proposition 1.11(b). It follows that 0= Z for some subscheme Z in L of height
hX −w. Since
P
l2Z 
0(l)+w=
P
l2Z (l), we can use Proposition 1.12(a) to see that
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s0(X )= s0(Z) + w. From Denition 1.10 we now obtain the formula
Z;X (l)=
 
l− r
0
!
−
 
l− r − w
0
!
:
Further, if we set r 0=maxfl: 0(l) 6=0 and 0(l − 1)=0g, we may assume (after a
deformation) that t1(Z)maxfr 0; t1 + hX − wg by induction hypothesis.
Now we consider two cases. If o<t1 + hX − 1, then r<t1 + hX − w − 1 and we
can rst link Z to Y by hypersurfaces of degrees r; t1 + hX − w and then link Y to X
by hypersurfaces of degrees r; t1 + hX . Lemma 2.1 shows that t1(X ) t1 + hX . On the
other hand, if o t1 + hX − 1, then r= o−w+1>r 0, and we can use hypersurfaces
of degrees r; s0(Z) to link Z to Y, and then hypersurfaces of degrees r; s0(Z) + w to
link Y to X . In this case we have that r s0(Z), so Lemma 2.1 shows that t1(X ) r.
In either case X gives equality in Proposition 2.2 and X 2HX by Proposition 1.9(b),
because the calculation of Example 1.7 shows again that Z;X = Z;X (in both cases, X
can be taken to be an (r; w) elementary double link of Z).
Theorem 2.4. Let X 2L. Then there exists X 2HX satisfying s1(X )= t1(X ) if and
only if X is connected about the interval [s1 + hX ; t1 + hX − 1].
Proof. In view of Proposition 2.3, it suces to show that the lower bound on t1(X )
from Proposition 2.2 is equal to s1(X ) if and only if the connectedness condition on
= X holds. We handle the two cases of Proposition 2.2 separately.
First suppose that o<t1 + hX − 1. Using 1.12(b) we have that t1 + hX = s1(X )=
minfa; s1 + hX g, a s1 + hX and s1 = t1 (because s1 t1) , s1 = t1 and =0, 
is connected about [s1 + hX ; t1 + hX − 1] (we use the condition on o strongly here).
Now suppose that o t1+hX−1 (in particular  6=0). Since s1(X )=minfa; s1+hX g,
we see that s1(X )=maxfl: (l) 6=0 and (l− 1)=0g if and only if a s1 + hX and
 is connected. In view of the assumption on o for this case, this is equivalent to
saying that  is connected about [s1 + hX ; t1 + hX − 1].
Corollary 2.5. Suppose that s1(X )= t1(X ) and that X links to Y by hypersurfaces
of degrees s= s0(X ) and t= s1(X )= t1(X ). Let = X .
(a) If  is the zero function; then so is Y .
(b) If  6=0; then for all l2Z it holds that
(l)= Y (s+ t − 1− l) +
 
l− a
0
!
−
 
l− o − 1
0
!
:
Proof. If =0, then Corollary 1.14 makes it clear that Y =0, hence Y =0 prov-
ing part (a). Assume that  6=0. Theorem 2.4 and Proposition 1.12(b) show that
t= s1(X )= a, so the formula of Corollary 1.14 becomes
(l)= Y (s+ t − 1− l) +
 
l− a
0
!
−
 
l− t1 − hX
0
!
:
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Now we consider two cases. If (Y )a s0+hY , then Y = Y and Y (s+ t−1−l)= 0
for l t1 + hX (by Theorem 1.13(a)) so that o t1 + hX − 1. Theorem 2.4 now
shows that o= t1 + hX − 1 and substituting gives the result. On the other hand, if
(Y )a<s0 + hY , then Y (s+ t− 1− l) is nonzero for some l t1 + hX and it must hold
that (Y )a= s+ t − 1− o. Since Y = Y + 1 on the interval [(Y )a; s0 + hY − 1], we
may use Theorem 1.13(b) to write
Y (s+ t − 1− l)= Y (s+ t − 1− l) +
 
l− t1 − hX
0
!
−
 
l− s− t + (Y )a
0
!
:
Substituting (Y )a= s+ t − 1− o into the above expression gives the formula.
Corollary 2.6. Let ML denote the subset of subschemes X such that s1(X )=
t1(X ). Then there exists X1 2M such that X1Y for all Y 2M.
Proof. We obtain a minimal element X1 for M by taking an elementary double link
of X0 (a minimal element for L) of type (t1; t1 − s1) by rst linking X0 to a minimal
element Y0 of the dual class via hypersurfaces S; T of degrees s0; t1 and then linking
Y0 to X1 by hypersurfaces S 0; T of degrees s0 + t1 − s1; t1. From Lemma 2.1 we have
t1(X1) t1. The calculation of Example 1.7 gives the formula
X1 (l)=
 
l− t1
0
!
−
 
l− 2t1 + s1
0
!
:
Since (X1 )a= t1 s0 + hX1 , we have X = X and Proposition 1.12(b) shows that
s1(X1)= t1. Thus s1(X1)= t1(X1) and X1 2M.
Let X 2M. Since s1(X )= t1(X ), Theorem 2.4 shows that X is connected about
[s1 + hX ; t1 + hX − 1]. From Denition 1.10 it follows that X (l) 1 for l2 [s1 +
hX ; t1 + hX − 1], hence X1 ; X (l) 0 for all l2Z by Remark 1.6. It follows now from
Proposition 1.12(c) that X1X .
Corollary 2.6 shows that the subset M satises a sort of Lazarsfeld{Rao property
in that it has a minimal element X1, and each Y 2M can be obtained from X1 by a
sequence of elementary double links followed by a deformation through schemes in L
which preserves cohomology.
3. Integral subschemes
In this section we give necessary conditions for subschemes to be integral and
investigate to what extent these conditions are sucient. For this section, we once
again work in a xed even linkage class L as in Setting 1.4.
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Proposition 3.1. Let X Pn be an integral subscheme of codimension two. Let t 2Z
be an integer such that t= s0(X ) or t s1(X ). Then the general hypersurface H
containing X of degree t enjoys the following properties:
(a) H is integral.
(b) X is not contained in the singular locus of H .
(c) X is generically Cartier on H .
Proof. Clearly any homogeneous polynomial h2 IX of minimal degree t= s0(X ) is
irreducible, because IX is prime. If X  sing(H), then X Z(@h=@Xi) for each ho-
mogeneous coordinate Xi, because X is reduced. By minimality of the degree of h,
we have that @h=@Xi=0 for each i and Euler’s formula
P
(@h=@Xi)Xi= th shows that
t=0, the characteristic of k is p>0, and h= gp for some other polynomial g. This
contradicts the irreducibility of h, so X 6 sing(H) and we have proved statements (a)
and (b) when t= s0(X ).
Now x an irreducible homogeneous polynomial h2 IX of degree s0(X ) and let
k 2 IX be a homogeneous polynomials of degree s1(X ) which is not a multiple of h. If
k is not irreducible, then some proper factor (which cannot be a multiple of h) lies in
IX , and hence t1(X )<s1(X ) by Lemma 2.1, a contradiction. Thus k is irreducible and
X Z(h)\Z(k). Because IZ(h)\Z(k)(s1(X )) is generated by global sections, the general
hypersurface H  S \T of degree >s1(X ) is integral. Integrality among hypersurfaces
of a xed degree being an open condition, we see that the general hypersurface H X
of degree >s1(X ) is integral, proving (a).
The vector subspace ff2H 0(IX (t)): @f=@Xi 2 IX ; 0 i ngH 0(IX (t)) is proper,
since if h2 IX is irreducible of degree s0(X ), then X 6 sing(Z(hg)) for a general choice
of g of degree t − s0(X ) (because X 6 sing(Z(h))). This proves (b). If x2X \Treg,
then the ideal of X at x is a height one prime ideal in the regular local ring OT; x,
hence is principal by Krull’s Hauptidealsatz. This shows that X is generically Cartier
on each hypersurface satisfying (b).
Proposition 3.2. Let X 2L be an integral subscheme with = X 6=0. Then
a s0 + hX .
Proof. Suppose that X is integral and a>s0 + hX . X links to a subscheme Y via
integral hypersurfaces S; T of degrees s= s0(X ); t= s1(X ) by Proposition 3.1. Corol-
lary 2.5(b) shows that s0(Y )= s0 +
P
Y (l)<s0 +
P
(l)= s0(X )= s, hence the
integral hypersurface S Y shows that t1(Y ) s. Theorem 2.4 and Proposition 1.12(b)
give that t= a>s0 +hX , which becomes s<t1 +hY (use Theorem 1.13(a)) and hence
t1(Y )<t1+hY . Applying Proposition 2.2(a) shows that (Y )o t1+hY −1, so Y (l) 6=0
for some l t1+hY−1. Thus, Y (s+t−1−l) 6=0 for some l s0+hX<a (use 1.13(a)
again), which is absurd by Corollary 2.5(b). It follows that a s0 + hX .
Proposition 3.3. Let X 2L. If s0(X )>e + n+ 1 + hX ; then
(a) L has a unique minimal element X0;
(b) X0X:
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Proof. Since e + n + 1 + hX<s0(X ) s0 + hX by Proposition 1.12(a), we have
s0>e + n+ 1. For part (a), we can use the proof of Lazarsfeld and Rao [11] : There
is a minimal E-type resolution for a dual minimal element Y0 for which two minimal
generators of IY0 can be used to link to a minimal element X0 for L. Applying Propo-
sition 1.1 to get a resolution for IX0 and cancelling the two summands corresponding
to the hypersurfaces used for the linkage, we obtain an N-type resolution
0!P0!N0!IX0! 0
in which we can write P0=
L
O(l)p(l), with p(l)= 0 for l>e+n+1. In this situation,
every injection P0 ,!N0 has the same image, hence the isomorphism class of the ideal
sheaf IX0 is uniquely determined. Since X0Pn is of codimension two, it follows that
X0 is unique.
For part (b), we consider a subscheme Y from the open set U HX of
Proposition 1.15(b). The ideal sheaf has a resolution
0!
M
O(−k − 1)X (k)P0(−hX )!
M
O(−k)X (k)N0(−hX )!IY ! 0
in which the induced map
L
O(−k−1)X (k)!LO(−k)X (k) has nonzero determinant.
Set A=
L
O(−k − 1)X (k) and B=LO(−k)X (k).
Since B only has summands with degrees  s0(Y )>e + n + 1 + hX , the map
P0(−hX )!B induced by ’ is zero and hence the induced map i :P0(−hX )!
N0(−hX ) is injective, and has quotient IX0 (−hX ) as in the proof of part (a). The
map A
 −!B induced by ’ is given by a square matrix of homogeneous polynomials
which has determinant 0 6=f of degree hX . Letting   :B!P(hX ) be the map given by
the transpose of the cofactor matrix  , the composition     is simply multiplication
by f.
Now let  :P0(−hX )A!P0 be the map which is multiplication by f on the rst
factor and the zero map on the second. Letting g :A!N0(−hX ) be the map induced
from ’, we dene  :N0(−hX )B!N0 to be the map which is multiplication by f
on the rst factor and −g   (−hX ) on the second. With these denitions, it is easy
to check that the diagram
0 −! P0(−hX )A ’−! N0(−hX )B −! IY −! 0??y  ??y 
0 −! P0 i−! N0 −! IX0 −! 0
commutes. This gives a map IY !IX0 which is nonzero because f 6=0 (using the top
exact sequence, we see that IX0 (−hX )IY and that the induced map IX0 (−hX )!IX0
is multiplication by f). Because both of these ideal sheaves are torsion free of rank
1, we see that this map is an injection and hence X0Y. Since this closed condi-
tion occurs on an open subset of HX , it occurs on all of HX and we conclude that
X0X .
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Theorem 3.4. Let X 2L be integral and assume that X is not minimal. Then X
satises the following conditions:
(a) X is connected about [s0 + hX ; t1 + hX − 1];
(b) s0(X ) e + n+ 1 + hX .
Proof. The rst condition is a consequence of Theorem 2.4 and Proposition 3.2. If
s0(X )>e+ n+ 1+ hX , then Proposition 3.3 shows that L contains a unique minimal
element X0, which is contained in X . This contradicts the assumption that X is integral,
unless X is minimal.
Proposition 3.5. Let X 2L be an integral scheme and w>0 an integer. Let
A e(X ) + n + 1 + w be an integer such that A= s0(X ) or A t1(X ). Then the
scheme W obtained from X by a general elementary double link of type (A; w) is
integral.
Proof. A general hypersurface T containing X of degree A is integral and X is generi-
cally Cartier on T by Proposition 3.1. Since X is a generic local complete intersection,
a general hypersurface S of degree d 0 containing X meets T properly, linking X
geometrically to a subscheme Y. The isomorphism IY =IS\T =!X (n+1−d−A) yields
an exact sequence
0!IS\T; T fS−!IY; T !!X (n+ 1− d− A)! 0
on T in which IS\T; T =OT (−d) and the map on the left is multiplication by the
equation fS for S. Twisting this sequence by d + w we get an exact sequence on
global sections
0!H 0(OT (w))!H 0(IY; T (d+ w))!H 0(!X (n+ 1− A+ w))! 0:
Since A e(X )+n+1+w, the last cohomology group is nonzero, hence not every ele-
ment of V =H 0(IY; T (d+w)) is a multiple of fS . It follows that the image of the map
V ⊗OT (−d−w)!OT is the ideal sheaf of a subscheme Y 0 such that Y Y 0Y [X .
Further, the second inclusion is proper because not every element of V is a multiple of
fS . Since X is integral, we see that Y 0 agrees with Y away from a set of codimension
>2, and hence is generically Cartier on T .
The linear system V =H 0(IY; T (d+w)) has Y 0 as base locus, hence denes a mor-
phism T − Y 0 −!PV . The linear subsystem
W = fg2H 0(IY; T (d+ w)): g is a multiple of fSg
has Y [X = S \T as base locus, and gives an immersion T − S PW which factors
through  as T − S!T − Y 0 −!PV −!PW where  is a projection from a linear
subspace. It follows that the dimension of the image of  is at least two.
For g2H 0(IY; T (d+ w)) there is a corresponding hyperplane HgPV . Since T is
geometrically irreducible and the image of  has dimension at least two, Jouanolou’s
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Bertini theorem [9, Theorem 6.10] says that −1(Hg) is geometrically irreducible for
general g. Lifting g, we see that for general g2H 0(IY (d + w)), Z(g)\ (T − Y 0) is
geometrically irreducible. Let Wg denote the scheme linked to Y by Z(g)\T . Since
Y 0 is generically Cartier on T and IY 0 ; T (d + w) is generated by its global sections,
the image of the general g2H 0(IY (d + w)) generates IY 0 ; T at its generic points of
codimension one in T , and hence Y and Wg are geometrically linked (with Wg irre-
ducible). Finally, the open set of g for which Wg is reduced is nonempty, as can be
seen by taking g=fSk for general k of degree w. Intersecting these open conditions,
we nd g such that Wg is integral and geometrically linked to Y.
Theorem 3.6. Let X; Y 2L such that X is integral and X Y. Then Y can be de-
formed with constant cohomology through schemes in L to Y with Y integral if and
only if Y satises the conditions of Theorem 3.4.
Proof. The forward direction is immediate from Theorem 3.4. For the converse, we
induct on the relative height h= hY − hX . The induction base h=0 is easy (since
we may take Y =X ), so assume h>0. Let = X;Y . Dene r=minfl: (l) 6=0 and
(l+ 1)=0g and let A= r − h+ 1; w= r − a + 1. We rst show that the pair (A; w)
satises the hypotheses of Proposition 3.5. From Remark 1.6 and Denition 1.10 we
obtain the formula
Y (l) +
 
l− s0(Y )
0
!
−
 
l− s0(X )− h
0
!
= (l) + X (l− h)
for l2Z. From Proposition 1.8(c) we see that r s0(X ) + h− 1, so that A s0(X ). If
this inequality is strict (r>s0(X )+h−1), then the formula above and Theorem 3.4(a)
applied to Y show that r t1+hY −1, and hence A t1+hX  s1+hX  s1(X )= t1(X ).
Applying Theorem 3.4(a) and Proposition 1.8(c), we see that Y is connected about
[so + hY ; t1 + hy − 1] and in particular (Y )a= s0(Y ) by Proposition 1.12(a). Using
Remark 1.6, the connectedness shows that amaxf(Y )a; (X )o + h + 1g (this is an
equality if X =0). Since (Y )a= s0(Y ) e + n+ 1 + hY , we obtain
amaxfe + n+ 1 + hY ; (X )o + h+ 1g
and now Proposition 1.15(c) shows that the right side is e(X ) + n + h + 1. Adding
h− w to both sides, we nd that A e(X ) + n+ 1 + w.
From the above two paragraphs we see that (A; w) satises the hypotheses of
Proposition 3.5, hence a general elementary double link from X of type (A; w) yields
an integral subscheme Z . We can now use Remark 1.6 and Example 1.7 to see that
Z;Y (l) 0 for l2Z, hence Z Y by Proposition 1.12(b). Since hY − hZ = h− w<h,
we can apply the induction hypothesis to see that Y deforms to an integral subscheme.
From Theorem 3.6 above, we see that if L is an even linkage class as in Setting 1.4,
then the problem of describing the subposet ML consisting of integral subschemes
is reduced to nding the minimal integral subschemes in L. There can be more than
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one deformation class of minimal integral subschemes (see Examples 3.8, 3.11 and
3.12 below), so M need not have the Lazarsfeld{Rao property. Example 3.9 shows
that we cannot expect to get a purely cohomological criteria for the location of the
minimal integral subschemes.
Example 3.7. For any even linkage class which has an integral minimal element; the
conditions of Theorem 3.4 are both necessary and sucient for the existence of an
integral subscheme. For example; Lazarsfeld and Rao show that if C is a smooth
curve, then the general embedding of C in P3 of large degree will have image which
is minimal in its even linkage class (see [11]).
Example 3.8. Let L be the even linkage class of 4 skew lines which lie on a quadric
surface Q in P3 and assume char k =0. One can calculate that s0 = 2; s1 = t1 = 4; and
e=−2. In this case, it turns out that there are two minimal integral curves. One can
be obtained from the 4 lines by taking a general elementary double link of type (2; 1).
These curves are of type (1; 5) on the smooth quadric; and hence have smooth con-
nected representatives. The other can be obtained by a general elementary double link
of type (4; 2). This can be produced by rst linking the 4 skew lines to another set of
4 skew lines via Q and a quartic; and then the second set of 4 skew lines can be geo-
metrically linked to an integral curve by two quartic surfaces via [16, Theorem 5.3.1].
Again; the conditions of Theorem 3.4 are both necessary and sucient.
Example 3.9. Using the construction of Hartshorne and Hirschowitz [7, Proposition
6.1], one can show that the general union of 10 lines meeting at 9 points generalizes
to a smooth rational curve of degree 10. In this case; both the rational curve and the
union of the 10 lines have seminatural cohomology (see [8]) and we can compute that
e=−1 and s0 = 5; so that both of these curves are unique minimal elements in their
even linkage classes by Proposition 3.3(a). On the other hand, one even linkage class
has a minimal curve which is integral and the other does not. We conclude that it is not
possible to get purely cohomological criteria for the existence of integral subschemes
in an even linkage class. In the case of the rational curve; a general elementary double
link C from the minimal curve of type (5; 2) will be integral. Moreover; each integral
curve of height >0 dominates C.
Example 3.10. Paxia and Ragusa have used Theorem 3.6 (from a previous version of
this paper) to determine the smooth connected Buchsbaum curves in P3 [18].
Example 3.11. Consider the even linkage class of a double line C0P3 with arith-
metic genus g<0. In [16, Section 8], it is shown that L(C0) has two minimal integral
curves C1 and C2 up to deformation. We may obtain C1 by rst linking C0 to D1 by
quadric surfaces; and then linking D1 to C1 by a cubic and a surface of degree −g+1.
We may obtain C2 by rst linking C0 to D2 by a quadric and a surface of degree −g;
and then linking D2 to C2 by a cubic and a surface of degree −g + 2. With these
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constructions; both C1 and C2 can be taken smooth and connected. On the other hand;
not every deformation class containing an integral curve contains a smooth connected
curve (see [16, Theorem 8.2.7]), so we cannot hope to get a result like Theorem 3.6
for smooth connected curves without adding hypotheses.
Example 3.12. Let X0 be the union of two planes H1 and H2 in P4 which meet in a
point P. Then X0 is not locally Cohen{Macaulay at P; has degree 2; and is minimal
for its even linkage class LP4. It is easy to check that s0(X0)= s1(X0)= t1(X0)= 2.
The general hyperplane section C0 =H \X0 is a pair of skew lines in H =P3 and X0
is the cone over C0 with vertex P. C0 is minimal in its even linkage class MP3
and s0(C0)= s1(C0)= t1(C0)= 2.
It is known from [16, Theorem 8.2.7], that general elementary double links from C0
of types (2; 1) and (3; 1) give rise to smooth connected curves C1 and C2; and that
these are the minimal integral curves for M. Let Xi (i=1; 2) be the projective cone
over Ci with vertex P. If X 2L is integral; then so is C =X \H; hence C dominates
C1 or C2. It follows that X1 and X2 are the minimal integral elements for L.
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